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By mapping qubits to parafermions we study the quantum computational power of a generic class
of solid state Hamiltonians. We present encoded logic operations which do away with dicult-to-
implement single-qubit gates in a number of quantum computer proposals, e.g., quantum dots and
donor atom spins with anisotropic exchange coupling, and electrons floating on helium. We show
how to make the corresponding Hamiltonians universal by encoding one qubit into two physical
qubits.
While decoherence is the most signicant fundamental
obstacle in the path towards the construction of a quan-
tum computer (QC), in the realm of scalable solid-state
QC proposals [1{4] the most pressing concern is the tech-
nological diculty of implementing certain single-qubit
operations. E.g., in the proposals utilizing quantum dots
[1], donor-atom nuclear [2] or electron [3] spins, single-
qubit operations require control over a local magnetic
eld, are signicantly slower than two-qubit operations
(mediated by an exchange interaction), and require sub-
stantially greater materials and device complexity. In
the electrons-on-helium proposal [4] single-qubit bit-flip
operations require slow microwave pulses, limiting the
number of logic operations executable before decoherence
sets in. The need for single-qubit operations arises from
the \standard paradigm" of universal quantum compu-
tation, which prescribes the use of single-qubit Hamil-
tonians that can generate all one-qubit quantum gates
[SU(2)] together with a two-body interaction that can
generate an entangling two-qubit gate such as CNOT
[5]. The universality of this set essentially amounts to
its ability to generate SU(2N ) with N qubits [6]. While
it was recognized early on that a universal QC can be
constructed using at most two-body interactions [7], the
abstract theory makes no reference to the \natural tal-
ents" of a given quantum system as dictated by its in-
trinsic Hamiltonian. Indeed, most discussions of uni-
versality, e.g., [8], rather than using the physical no-
tion of Hamiltonians, are cast in the computer-science
language of unitary gates (exponentiated Hamiltonians).
Based on these observations a new paradigm was recently
proposed in [9], termed \encoded-universality" (EU): to
study the quantum computational power of a system as
embodied in its naturally available Hamiltonian, by us-
ing encoding [encoded gates { consisting of sequences of
physical gates { act on encoded (logical) qubits gener-
ating SU(2M ), where M is the dimension of the code
space]. Earlier work [10{12] had implicitly studied EU
constructions. In this work we use the observation that
qubits are parafermions to introduce a new and general
formalism that allows us to quickly assess the quantum
computational power of a given Hamiltonian, and con-
struct encoded qubits and operations. Our main result
is the classication of the EU power of generic classes
of solid-state Hamiltonians, addressing in particular the
case of anisotropic qubit-qubit interactions pertinent to
the quantum dots, donor-atom spins, and the electrons
floating on helium proposals [1{4]. In these cases we give
explicit EU constructions which avoid the use of the un-
desirable single-qubit gates. In particular, we show how
to make the anistropic exchange Hamiltonian universal
by encoding one qubit into two physical qubits, improving
upon previous results where three physical qubits were
required [9,12]. Thus we suggest new ways to simplify the
operation of solid-state QCs, circumventing operations
that appear to be dictated by the \standard paradigm".
We rst introduce the parafermionic formalism, then ap-
ply it to derive EU results for the class of anisotropic
exchange Hamiltonians.
Qubits as Parafermions.— What are qubits? A qubit
is an object with a two-dimensional Hilbert space Hi =
spanfj0ii, j1iig, and an N -qubit Hilbert space has a ten-
sor product structure: H = ⊗Ni=1Hi. It is interest-
ing to observe that neither bosons nor fermions satisfy
these requirements: bosons have an innite-dimensional
state space, whereas fermions do not have a tensor prod-
uct Hilbert space since they are connected through local
phases [13]. As we now show, qubits are parafermions.
A parafermion is a particle with hybrid boson-fermion
statistics [14]: fa(k)i , a(l)yi g = δkl, [a(k)i , a(l)yj ] = 0 if i 6= j.
Here i, j are dierent modes, k, l = 1, ..., p, where p is
called the order of the parastatistics. Qubits correspond
to the case of p = 1 parafermions. The algebra is then (i)
[ai, a
y
j ] = 0 for i 6= j, which immediately implies a tensor
product structure; (ii) fai, ayig = 1, from which it can be




i = 0, so that a double-occupation
state cannot be realized, i.e., the single-particle Hilbert
space is two-dimensional. These are exactly the require-
ments for a qubit. Parafermions do not exist as funda-
mental particles, but are realized as composite particles,
e.g., Cooper pairs and excitons [15]. Consider now the
following mapping from qubits to p = 1 parafermions:
j0ii ! Ii j0i and j1ii ! ayi j0i, where j0i is the vacuum
state and Ii is the identity operator on the ith tensor fac-
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tor [16]. Qubits are thus identied with operators. To
complete the mapping of qubits to p = 1 parafermions
we let
σxi ! ai + ayi σyi ! i(ai − ayi ) σzi ! 2ni − 1, (1)
where σαi are the Pauli matrices, and the number opera-
tor in mode i is dened as ni = a
y
iai. It is then straight-
forward to check that the standard su(2) commutation
relations are preserved, so that we have a faithful sec-
ond quantized representation of the qubit system Hilbert
space and algebra. It is important to emphasize that for
what follows, the mapping of qubits to parafermions is
a mathematical tool. The physical implications of this
identication will be discussed elsewhere [15].
General Analysis. | To set the stage for our discus-
sion of the universality properties of Hamiltonians, let
us now consider the general structure of operators in the
Hilbert space of N qubits. The most general operator








αN    (ay1)α1aβNN    aβ11 (2)
where αi, βj can be 0 or 1. There are 2N  2N such
operators, in one-to-one correspondence with the gener-
ators of the group U(2N) needed for universal quantum
computing. They can be rearranged into certain subsets
of operators with clear physical meaning, which we now
detail. First, there is a subalgebra with conserved occu-
pation number, \SAn". This is formed by all operators
commuting with the total number operator bn = Pi ni.
Let k (l) be the number of ayi (ai) factors in Qfαig;fβjg.
SAn consists of the operators for which k = l, so the di-







= (2N)!N !N ! . Second, there is
a subalgebra with conserved parity, \SAp", i.e., the op-
erators commuting with the parity operator, dened as
bp = (−1)bn, with eigenvalues 1 (−1) for even (odd) total
occupation number. SAp consists of those operators hav-
ing k − l even, so its dimension is 22N/2. Clearly, SAn
SAp. Third, consider subsets of bilinear operators. There
are two types of bilinear operators for i 6= j: ayiaj (which





conserve parity). Let µ = (ij), then






µ = ni − nj (3)
generate an su(2) subalgebra, denoted sutµ(2) 2SAn.






µ = ni + nj − 1 (4)
generate another su(2) subalgebra, denoted
surµ(2) 2SAp. Note that [sutµ(2), surµ(2)] = 0 since
any product of raising/lowering operators from these




i . It can be
shown that fayiajg (allowing i = j) generates SAn, and
fayiaj , aiaj , ayiayjg generate SAp [15].
Hamiltonians.| Now consider the properties of Hamil-
tonians relevant to solid state proposals for quantum
computing. A generic time-dependent Hamiltonian
[1{4,6] has the form

























i ) . (5)
The rst term is the sum of single-qubit energies, (with
εi/h being the frequency of the j0ii ! j1ii transition)
and is often controllable using local potentials. The sec-
ond term is the two-qubit interaction, which we assume
can be turned on/o at controllable times t. The third
term is the (potentially problematic) external eld, of-
ten pulsed, used to manipulate single qubits. By turning
the controllable parameters on/o one has access to a
set of Hamiltonians fHig, which can be used to generate
unitary logic gates through the following three processes:
(i) Arbitrary phases are obtained by switching an Hi on
for a xed time. (ii) Adding or (iii) commuting Hamilto-
nians can be approximated by using a nite number of





, implying that the
Hamiltonians A, B are switched on/o alternately. These
operations are experimentally implementable and suce
to cover the Lie group generated by the set fHig. In prac-
tice it may be easier to use Euler angle rotations rather
than innitesimal steps, as done routinely in NMR [6].
From now on we specialize to the case Jαβij = J
α
ijδαβ (de-
noting V by V 0) which amounts to limiting the Hamil-
tonian to exchange-type interactions, that appear to be
most relevant for solid-state QC. However, our formalism
applies equally well to, e.g., Forster-type Hamiltonians
involving energy exchange through σxi σ
y
j terms. This will
be treated in a separate publication [15]. Using Eq. (1)






























fi = (fxi − ifyi ), ij = Jxij − Jyij , Jij = Jxij + Jyij .
Certain conclusions that were dicult to draw from the
original form can now be obtained rather easily from
this second-quantized form. (i) By appending ai, a
y
i to
the set generating SAp it becomes possible to transform
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between states diering by an odd occupation number.
Thus the set fayiaj , aiaj , ayiayj , ai, ayig suces to generate
SU(2N) . This establishes the well-known universality
of H . (ii) When F = 0, [H0 + V 0, bp] = 0, so H0 + V 0
is in SAp. This implies that this Hamiltonian by itself
is not fully universal: it operates on a 2N−1-dimensional
invariant subspace. (iii) Recalling that single qubit oper-
ations are often dicult [1{4], which two-qubit interac-
tions are sucient for universality? Ref. [7] established
that two-body Hamiltonians are \generically" universal.
The genericness condition was stated in terms of abstract
group-theoretic properties. Here we are able to state the
condition more explicitly for the class of Eq. (5). Dene
the parity of an operator according to whether the to-
tal number of creation and annihilation operators is even
or odd (e.g., n1 is even, but a
y
2n1 is odd.). The neces-
sary condition for a Hamiltonian to be universal is that
it contains an odd term, so that the system can leave
SAp. If F = 0 there does not exist an odd term in Eq. (
7). Hence the next step is to reconsider the most general
interaction with Jαβij arbitrary. H of Eq. (5) is universal
for F = 0 if and only if there exists one of the odd terms
σzi σ
x
j ! (2ni−1)(ayj +aj) or σzi σyj ! i(2ni−1)(aj −ayj).
However, physically the independent control of a term
like σzi σ
x
j is rather unusual, implying that the class of
two-body Hamiltonians that is fully universal is in fact
physically non-generic (while mathematically it is [7]).
Encoded Universality.| Our discussion of universality
so far assumed that one is seeking to employ the full 2N -
dimensional Hilbert space of N qubits. However, it was
apparent from this discussion that the symmetries of a
given Hamiltonian determine an invariant subspace and
that in physically generic circumstances this subspace has
reduced dimensionality. A common solution is to intro-
duce an external eld which breaks the symmetry. As
discussed above this often leads to signicant engineering
complications [1{4]. However, as shown rst in [10] for
the case of isotropic exchange, a Hamiltonian may still be
computationally universal over a subspace, for the price
of using several physical qubits to encode a logical qubit.
Here we analyze this concept for the anisotropic mem-
bers of the class of Hamiltonians (5). In each case we
assume that only the intrinsically available Hamiltonian
is given, i.e., F = 0, and demonstrate how to encode so
that universal QC is still possible without a dicult-to-
implement single-qubit driving Hamiltonian. As distinct
from [9{12] , we also assume that H0 is present, as this is
a term that is generally dicult to turn o. Our analysis
provides simple encoding procedures along with explicit
recipes for universal computation in situations of exper-
imental interest.
Axial Symmetry.| Assume ij = 0. This axial sym-
metry is the case, e.g., for the electrons floating on he-































handle is the single-qubit energies εi, which allows to
tune the qubits into and out of resonance with exter-
nally applied radiation. This tuning is used to control
the parameters fxi , J
z
ij and Jij . However, it is advanta-
geous to do away with the single-qubit σxi term, as it is
manipulated via a global and slow microwave eld. An
even more severe diculty arises in the spin-spin coupled
quantum dots proposal, where the σxi term requires ex-
tremely challenging g-factor engineering. Motivated by







term was proposed in [9], encoding a qutrit into three
physical qubits. Here we give a more economical solu-
tion which makes use of the naturally available H0 term:
we show how to compute universally on a logical qubit
encoded into only two physical qubits. Since in the ax-
ial symmetry case V 0 preserves occupation number, the
encoding is simply j0Lim = j0i2m−1 j1i2m and j1Lim =
j1i2m−1 j0i2m for the mth logical qubit. To implement
single-encoded-qubit operations assume we can selec-
tively turn on nearest-neighbor interactions J2m−1,2m
and Jz2m−1,2m in pairs (i.e., J2m,2m+1 = J
z
2m,2m+1 = 0).
Using the denitions (3),(4) with µ  m when i = 2m−1










+ h1 + h0, (9)
where m  ε2m−1 − ε2m, Jm  J2m−1,2m, ωm =












2 − (T zm)2

. The term h0 is an
energy shift which commutes with all other operators,
and will thus be neglected. It is then clear that
HAS is a sum over independent modes m, so that the
Hilbert space decomposes into a tensor-product struc-
ture. The operators T zm,T
x
m generate an encoded SU
t
m(2)
group, while the term h1 2 surm(2) acts as a constant
(since [sutm(2), su
r
m(2)] = 0). As a whole HAS acts asNN/2
m=1 SU
t
m(2), meaning that experimental control over
the coecients m and Jm enables the implementation
of independent and arbitrary encoded-single qubit oper-
ations. Such control is typically the case in solid state
quantum computing systems [1{4]. Next we need to
show how to implement an encoded controlled operation.
This can be done using nearest-neighbor interactions only
provided we can simultaneously switch on J2m−1,2m and
Jz2m,2m+1. Let
g  i[σx2m−1σx2m + σy2m−1σy2m, σz2mσz2m+1] ! −T ymT zm+1,
where T ym = i[T xm, T zm] acts as (encoded) σy on the mth
logical qubit, and T zm+1 acts as (encoded) σ
z on the
m + 1th logical qubit. Thus, acting on the mth⊗m + 1th
encoded-qubits’ Hilbert space, this yields the Hamilto-
nian g = −σy⊗σz . The corresponding evolution operator
is exp (iθg) = cos θI − i sin θσy ⊗ σz , which is an entan-
gling two-qubit gate. To summarize, independent control
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over the coefficients ε2m−1−ε2m, J2m−1,2m and Jz2m,2m+1
suffices to generate arbitrary single-encoded qubit opera-
tions and an encoded controlled operation. As an alter-
native to the use of a commutator (which in practice
requires multiple gate applications via the Lie product
formula) one can generate a controlled operation directly
by: g0 = σz2m−1σz2m+1 + σz2mσz2m+2 − σz2m−1σz2m+2 −
σz2mσ
z
2m+1 − σy2m−1σy2m ! 4T zmT zm+1, which yields a
controlled-phase gate [6]. Turning on this Hamiltonian
requires at most next-nearest neighbor interactions in a
2-dimensional geometry.
The connection between encoding and immunity to de-
coherence is known from the theory of decoherence-free
subspaces (DFSs), e.g., [17]. The present encoding is
decoherence-free under the following conditions: Assume





where Bzi are bath operators. If pairs of qubits are
suciently close compared to the bath wavelength, so
that Bz2m−1 = B
z
2m  ~Bzm (\block-collective phase




m ⊗ ~Bzm. But
Rzm (αj0Lim + βj1Lim) = 0 so that the interaction HCPDI
does not cause decoherence. Furthermore, HCPDI com-
mutes with HAS, the terms that appear in the commu-
tator dening g, and with g0, so it follows from a general
theorem [10,18] that with the methods provided above
universal encoded logic can be implemented without ever
leaving the DFS.
Axially Asymmetric Interaction.| Assume that one
can control the axial asymmetry parameter ij = Jxij −




j − σyi σyj term in the Hamiltonian
(5). Further assume only nearest-neigbor interactions in



















where we have again omitted the h0 term. The new term
involving Rzm, Rxm generates the group SU rm(2) provided
one can independently control the coecients ωm,m.
The appropriate encoding is j0Lim = j0i2m−1 j0i2m,
j1Lim = j1i2m−1 j1i2m for the mth logical qubit, since the
axially asymmetric component of the Hamiltonian pre-
serves parity but not occupation number. To implement
a controlled operation on the mth ⊗ m + 1th encoded-
qubits’ Hilbert space, assume that one can turn on/o
nearest neighbor couplings Jz2m−1,2m+1 and 2m−1,2m.
Consider g00 = i[σx2m−1σ
x
2m − σy2m−1σy2m, σz2mσz2m+1] !
−RymRzm+1, where Rym = i[Rzm, Rxm]. Hence g00 acts
on the parity-preserved subspace just as g acts on the
number-preserved subspace. Furthermore, [g, g00] = 0.
It follows that HAA supports universal encoded quan-
tum computation on the entire 2N -dimensional Hilbert
space, which however splits into two disjoint invariant
subspaces of equal dimension, consisting of states with
conserved occupation number [parity], operated on by
sutm(2) [su
r
m(2)] operators. These two subspaces act as
two independent encoded QCs, which can be operated in
classical parallelism. Alternatively one can again avoid a
commutator for the price of using next nearest neighbor

















2m ! 4RzmRzm+1. In
analogy to the analysis above, the subspace acted on by
sutm(2) operators is furthermore decoherence-free if the




i ⊗Bzi has the sym-
metry Bz2m−1 = −Bz2m.
Conclusions.| The observation that qubits are
parafermions enabled us to study the quantum compu-
tational power of a generic class of solid-state Hamil-
tonians. We presented simple encodings of one qubit
into two physical qubits which enable universal compu-
tation in the case of axially symmetric and/or asymmet-
ric exchange-type Hamiltonians, while avoiding dicult-
to-implement single-qubit control terms. This encoding
has the potential to oer signicant simplications in the
construction of QCs based on quantum dots in cavities,
donor-atom nuclear spins, and electrons floating on he-
lium.
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